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This paper presents a case study of Electromagnetic (EM) signals associated with earthquakes due to the piezoelec-
tricity of crustal rocks. For a simple model of crustal structure with a subsurface piezoelectric body, a mathematical
expression was obtained that describes the behavior of piezoelectric EM signals due to incidence of a teleseismic
body wave. Using this expression, we evaluated expected EM signals with physical parameters reasonable for crustal
rocks. Results of the frequency domain analysis suggested that the intensity of the signal decreases with decreasing
frequency due to decreasing stress rate at lower frequencies, and decreases with increasing frequency due to EM
attenuation in the conducting medium at higher frequencies. However, the latter (the skin effect) was shown to be
negligible at the dominant frequency range of seismic waves so far as a shallower piezoelectric body is concerned.
Numerical results also indicated a resonant feature of the piezoelectric EM signals corresponding to geometry of
the subsurface piezoelectric body. However, numerical calculations suggested that such signals cannot be detected
except for strong motions. If detected, on the other hand, their spatial and frequency characteristics will provide
information on the geometry of the subsurface piezoelectric body.

1. Introduction
Observational studies have reported electromagnetic (EM)

field variations prior, or simultaneous to earthquakes around
the epicentral region (e.g., Gokhberg et al., 1982; Warwick
et al., 1982; Fraser-Smith et al., 1990; Mueller and Johnston,
1990; Johnston et al., 1994). Drastic change of the stress field
and related phenomena in the crust associated with earth-
quakes possibly induce EM phenomena.

Several models, such as piezomagnetism, the electroki-
netic effect and piezoelectricity, have been proposed as pos-
sible mechanisms to generate coseismic EM signals related
to earthquakes. There have been a number of works that
quantitatively discussed coseismic change of the magnetic
field around the epicentral region on the basis of the piezo-
magnetism of the rock, with surrounding coseismic stress
change and the Curie depth taken into account (e.g., Sasai,
1991; Johnston et al., 1994). Although the coseismic stress
field variation due to earthquakes should well be quantified
in terms of seismology, coseismic EM signals on the basis
of certain mechanisms other than piezomagnetism with re-
alistic models of the space have not been well simulated.
Among these generation mechanisms, this paper pays spe-
cial attention to piezoelectricity that arises from anisotropy
of the substance and has been well studied since its discovery
in the 19th century (e.g., Ikeda, 1990).

Experiments showed that some kinds of rocks containing
piezoelectric crystals have bulk piezoelectricity (Parkhomen-
ko, 1971; Bishop, 1981b). Though Tuck et al. (1977) denied
the presence of bulk piezoelectricity, recent experimental
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studies by Ghomshei et al. (1988) and Ghomshei and Tem-
pleton (1989) showed the presence of bulk piezoelectricity
and a quasi-homogeneous a-axes fabric at the scale of a hun-
dred meters, in which piezoelectric axes are oriented to a
certain direction. Although the presence of a rock’s piezo-
electric signal in a laboratory scale was well confirmed by
stick-slip experiments by Yoshida et al. (1994), it is still con-
troversial whether a signal due to the same mechanism can be
observed in the real earth associated with earthquakes, and
whether crustal rocks show bulk piezoelectricity of geologic
scale. Nevertheless, EM observations have been interpreted
by this mechanism, i.e., by assuming bulk piezoelectricity in
the crust (Warwick et al., 1982; Huang, 1999).

In the previous paper (Ogawa and Utada, 2000), we ob-
tained an analytic expression for the piezoelectric signals due
to a fault motion of an earthquake, and numerically evalu-
ated the signal behaviors in a uniform whole space. One
of the most important conclusions obtained by this work is
that observation of such signals will reveal anisotropy of the
medium at the earthquake source region, though detection of
such signal will be quite difficult. On the other hands, it is
claimed that crustal rocks will not be piezoelectric in general,
for the observational facts that electric measurements in the
granite-rich area do not record signals associated with inci-
dence of teleseismic waves (Johnston, 1998, personal com-
munication). Obviously, quantitative discussion is necessary
to answer the question about the absence of teleseismically
induced piezoelectric signals. It is because detectability de-
pends on signal to noise ratio, i.e., comparison between ex-
pected signal intensity and both the resolution of the installed
measurement system and the noise level at the observation
point are indispensable.
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There have been several theoretical works for such pur-
poses in terms of other physical processes. For example,
Eleman (1965) quantitatively examined magnetic field vari-
ations related to arrival of the surface waves into a crustal
rock due to its piezomagnetism. Another study by Mikhailov
et al. (1997) showed a reasonable agreement between ob-
served and calculated electric field variations, in which they
presumed electrokinetic coupling as its origin. As for the
prospecting of mineral piezoelectric crystals, Kepic et al.
(1995) estimated the distribution of sulfide minerals by si-
multaneous measurement of the acoustic wave and the elec-
tric field during an explosion experiment, which indicated
that in-situ electric signal detection is possible under a spe-
cial condition. Russell and Barker (1991) also numerically
estimated amplitude of seismo-electric signal presuming a
piezoelectric sphere embedded under the ground, expected
in seismo-electric exploration. It showed consistency be-
tween amplitudes of the observed and expected piezoelectric
signals. However, their assumptions for estimation are too
much simplified, hence it omitted some interpretations of the
feature of expected signals, such as a relation between the
amplitude and geometry of the piezoelectric body.

In the present paper, we examined the presence of co-
seismic EM signals observed on the earth, by assuming the
theory of linear piezoelectricity of crustal rocks in order to
answer the question raised by Johnston (1998, personal com-
munication). For the purpose, we calculated expected EM
signals due to incidence of teleseismic body wave, to obtain
the relation between amplitudes of piezoelectric signal and
teleseismic body wave by a numerical modeling.

2. Model
We suppose that the earth is a half space in which the

electrical and elastic properties are uniform. The medium is
piezoelectric only in the cylindrical body embedded in the
conductive crust as shown in Fig. 1. The radius of the body
is assumed to be 5 km, representing the scale of Mt. Tsukuba
located in the northern Kanto area, one of well-known granite
lenses in Japan. Depth to its top surface and its thickness are
denoted as h1 and h2, respectively.

We assume that the piezoelectric body has the symmetry
class of ∞mm of the limiting group after experimental results
by Parkhomenko (1971) and Bishop (1981b). The symme-
try axis is assumed to be parallel to the z-axis. Therefore
the piezoelectric coefficients are represented by a matrix in
Cartesian coordinate system as

d =


 0 0 0 0 d15 0

0 0 0 d15 0 0

d31 d31 d33 0 0 0


 , (1)

where d31 = −0.5 × d33, d15 = −1 × d33, d33 = 1 × 10−15

[C/N] (Parkhomenko, 1971; Bishop, 1981a). The ratios be-
tween elements are those for a quartz aggregate which con-
sists of equal proportions of both enantiomorphs, and the a-
axes of the two hands are antiparallel to each other, obtained
theoretically by Bishop (1981a) and adopted for experimen-
tal studies by Ghomshei et al. (1988) and Ghomshei and
Templeton (1989). The absolute value of piezoelectric coef-
ficients representing those of quartz-rich rocks in the crust,

Fig. 1. Parameters substituted in this study and the shape of the piezoelectric
body.

adopted and denoted above are by 3 orders of magnitude
smaller than those for pure single-crystal quartz (Bishop,
1981b). The value is smaller by one order of magnitude
than the value obtained by recent results of Ghomshei et al.
(1988). We defined the sign of d33 as positive when positive
charge is induced in the positive direction of the z-axis under
an extension stress in the z-direction.

For simplicity, the teleseismic P wave is assumed to be
a plane wave propagating upward parallel to the z-axis, i.e.,
incident P wave is normal to the bottom of the piezoelectric
body and to the earth’s surface.

3. Fundamental Equations and Solutions
Fundamental equations are Maxwell equations for EM

fields, Eulerian equation of motion for an elastic body,

∇ · DDDDDDDD = ρ, ∇ · BBBBBBBB = 0, (2)

∇ × EEEEEEEE = −∂BBBBBBBB

∂t
, ∇ × HHHHHHHH = jjjjjjjj + ∂DDDDDDDD

∂t
, (3)

ρe
∂2ui

∂t2
= fi + ∂Ti j

∂x j
, (4)

and related constitutive laws expressed as

jjjjjjjj = σ EEEEEEEE, (5)

BBBBBBBB = µHHHHHHHH , (6)

DDDDDDDD = εEEEEEEEE + dTTTTTTTT , (7)

Ti j = δi jλe (∇ · uuuuuuuu) + µe

(
∂ui

∂x j
+ ∂u j

∂xi

)
, (8)

where, DDDDDDDD, BBBBBBBB, EEEEEEEE , HHHHHHHH , ρ, jjjjjjjj , ρe, ui , fi , Ti j , σ , ε, µ, d, λe, µe are
the electric flux density, the magnetic flux density, the electric
field, the magnetic field, the volumetric electric charge den-
sity, the electric current density, the density of the medium,
the i’th component of the displacement, the i’th component
of the body force, the (i j) element of the stress tensor, the
electrical conductivity, the electric permittivity, the magnetic
permeability, the piezoelectric coefficients, and the Lamé’s
constants, respectively (Ogawa and Utada, 2000). MKSA
unit system is adopted in this study. TTTTTTTT is a vector involving
stress components defined so as to satisfy the relation,

TTTTTTTT = t (T11 T22 T33 T23 T31 T12). (9)
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Note that one of the constitutive laws (8) is originally written
as S = sT + dEEEEEEEE , where s is the compliance. However, the
contribution of the electric field dEEEEEEEE in this equation can be ne-
glected, as it is insignificant (Ogawa and Utada, 2000). The
coordinate system is chosen so that the z-axis is downward
positive and z = 0 at the earth’s surface. EM fields in the
air (z < 0) are calculated using Green tensors for EM fields
induced by an electric current element in the earth (z > 0).
Piezoelectric EM fields are expressed as follows,

Ei (rrrrrrrr , ω) =
∫

V p

3∑
j=1

6∑
k=1

G E
i j (rrrrrrrr |rrrrrrrr ′; ω)

× d jk iω Tk(rrrrrrrr
′, ω) dV ′, (10)

Bi (rrrrrrrr , ω) =
∫

V p

3∑
j=1

6∑
k=1

G B
i j (rrrrrrrr |rrrrrrrr ′; ω)

× d jk iω Tk(rrrrrrrr
′, ω) dV ′, (11)

where V p is a volumetric domain of the piezoelectric body.
G E

i j and G B
i j are Green tensors of total EM fields for a uniform

half space derived by Stoyer (1977) and shown in Appendix.
In this study, we solve the piezoelectric EM fields observed
on the earth’s surface before the elastic wave reaches the sur-
face. Therefore, the whole space expression of the stress field
induced by propagation of the elastic wave is applied using
the scalar potential of the displacement (Aki and Richards,
1980). Thus Tk can be derived using relationships (8), (9)
and the expression of the displacement, uuuuuuuu due to the incident
P wave in the whole space,

uuuuuuuu(rrrrrrrr ′, t ′) = ∇′�(rrrrrrrr ′, t ′) = uuuuuuuu0eiω(z+αt), (12)

where ∇′ = t (∂/∂x ′, ∂/∂y′, ∂/∂z′) and � is the scaler po-
tential for the displacement. Using analytic expressions of
Green functions for the EM fields and the elastic wave, ex-
pressions of the EM fields generated from the entire piezo-
electric body can be obtained by their volumetric integration
over the body. Since the elastic wave is much slower than
light, the displacement current, the term ε∂EEEEEEEE/∂t appearing
by substitution of (7) into (3), was ignored, which corre-
sponds to letting the velocity of the speed of light be infinite
(ε → 0). Expected piezoelectric EM signals are numeri-
cally evaluated with these analytic expressions, by assuming
proper values of physical parameters for crustal materials
(Fig. 1). According to the axisymmetry of the space and
the incident plane P wave, the volumetric integration in (10)
and (11) was carried out analytically. We substituted param-
eters for elastic properties of the lower half space accept-
able for those of the upper crust in the northern Kanto area,
Japan (Yoshii, 1979). The Hankel transforms appearing in
expressions for piezoelectric EM fields are numerically cal-
culated using the FHT (Fast Hankel Transform) algorithm by
Anderson (1982).

4. Results and Discussion
The calculated electric field observed on the earth’s surface

2 km away from the origin along the x-axis is shown hereafter.
The magnetic field does not exist in the air, due to symmetry
of the piezoelectric body and the space. In other words, the
present model generates only the toroidal magnetic mode.

First, absolute values of complex Fourier amplitude of the
electric field are shown, for incident P wave of unit velocity
1 [m/(s Hz)] on the earth’s surface, for the case h1 = 100 m
and h2 = 5 km.

The electric field intensity in the lower frequency range
tends to decrease with decreasing frequency due to decreas-
ing stress rate. At higher frequencies, it decreases with in-
creasing frequency due to EM attenuation in the conducting
medium (the skin effect). It can be expected that the electric
field at higher frequencies attenuates more heavily as the top
of the piezoelectric body lies deeper. Vertical and horizontal
components are both maximized around 1 [Hz] and amount
to about 1[µV/m/(m/(s Hz))/Hz]. Since the amplitude of the
velocity of teleseismic body wave is supposed to be several
[cm/s] at most, the electric field on the surface will not eas-
ily exceed the noise level of measurement systems, even if
magnitude of the piezoelectric coefficients are 1 order larger
than those adopted in the present study.

Figure 2 suggests the existence of a resonant feature of the
electric field. To examine this feature, we compared absolute
values of complex Fourier amplitude of Ez for h2 = 5 km
and those for h2 = 2.5 km, as shown in Fig. 3. The result
suggests that the interval of peak frequencies becomes twice
as large, as h2 becomes half, and that the amplitude of Ez

is approximately maximized for frequencies fn satisfying a
condition

vp

fn
= λn � h2

(2n − 1)/2
, (13)

where vp, λn and n are the speed and the wavelength of the
incident P wave, and a natural number, respectively. The
result suggests that the resonant feature in the electric field
is produced by a resonance of the piezoelectric field coupled
with P wave in the cylindrical body.

In order to ascertain the skin effect, we compared results
with h1 = 10, 100, 1000 and 10000 m, respectively, as
shown in Fig. 4. It shows that, in the frequency range of
the observable teleseismic wave, from 0.1 to 10 Hz, the skin
effect is less significant so that attenuation of the electric
field through the conducting materials is negligible. In the
frequency range of present interest, amplitudes of the electric
field on the surface varies only within 1 order of magnitude
even if the depth varies from 10 m to 10 km. The skin effect
becomes remarkable, firstly in the higher frequencies and
secondly for the deeper piezoelectric body. Theoretically,
the skin depths estimated for frequencies 0.1, 1 and 10 [Hz]
and the conductivity σ = 10−3 [S/m] are approximately 50,
16 and 5 [km], respectively. Thus the skin effect is expected
to be less effective for a shallower piezoelectric body and the
typical frequency range of seismic waves.

Spatial variation of Fourier amplitude of Ez in the air is
shown in Fig. 5, indicating that Ez attenuates with increasing
height. However, this does not mean that strong Ez signal is
expected in the ground. On the contrary, Ez just below the
surface is supposed to be of negligible amplitude due to the
continuity condition of the electric current density.

Since the earth is composed of moderately conducting ma-
terial, seismic waves will cause the electric field due to mo-
tional induction. The motionally induced EM fields can be
obtained by an integration similar to (10) or (11), by replacing
the piezoelectric source term to the induced current, σvvvvvvvv×BBBBBBBB0,
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Fig. 2. The absolute value of complex Fourier components of the electric
field. Results for the wide band range (upper) and the frequency range
from 0 [Hz] to 20 [Hz] (lower).

Fig. 3. Dependence of the resonant feature of the electric field on the
thickness of the piezoelectric body.

where vvvvvvvv is velocity of displacement and BBBBBBBB0 is the ambient
geomagnetic field. In order to ascertain effective observabil-
ity of piezoelectric and motionally induced EM signals, we
estimated the ratio R between intensities of these two source

Fig. 4. Ez with different h1. Results for the wide band range (upper) and
the frequency range from 0 [Hz] to 20 [Hz] (lower).

Fig. 5. Spatial variation of strength of Ez with respect to the height.

components, Jpe and Jind respectively. It is roughly given by

R = Jpe

Jind
∼ |d ∂T

∂t |
|σvB0| ∼ |dραω|

|σ B0| , (14)

where d, T, v, B0, ρ, α and ω express the piezoelectric co-
efficients, the stress, the velocity, geomagnetic field inten-
sity, the density, the speed and the angular frequency of in-
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Fig. 6. The vertical component of incident seismic wave observed on the
earth’s surface (upper), that expected at the bottom of the piezoelectric
body (center) and calculated 3 components of the electric field (lower).
The origin of time is defined to express the arrival of incident P wave at
the bottom of the piezoelectric body.

cident P wave, respectively. Substituting the parameters,
d ∼ 1 × 10−15 [C/N], ρ ∼ 3 × 103 [kg/m3], α ∼ 6 × 103

[m/s], σ ∼ 1 × 10−3 [S/m] and B0 ∼ 3 × 10−5 [T], R can
be estimated as R ∼ 3 f , where f is the frequency. This
estimation suggests that piezoelectric EM signals would be
hidden and less detectable than the motionally induced sig-
nals in the frequency range lower than about 0.3 Hz. At
higher frequencies the piezoelectric field will dominate.

The electric field expected for an actual ground motion
with the prescribed piezoelectric body is calculated and
shown in Fig. 6. The upper trace in Fig. 6 is a vertical
velocity record observed by a broad-band seismometer in-

stalled at Tsukuba, Japan, which shows the PKPdf phase of
the South Peru earthquake with MW = 6.2 on October 8,
1998. The time origin was chosen when the incident PKPdf
phase arrived at the bottom of the piezoelectric body. The
center trace is the expected vertical velocity at the bottom of
the piezoelectric body using the same model. Considering
the boundary condition at the surface, the amplitude of Vz

at the bottom was assumed to be a half of that on the sur-
face. The lower traces in Fig. 6 show three components of
the electric field on the surface expected from the seismic
record using the same model. The electric field after the
arrival of the seismic wave at the surface is not shown be-
cause we used the whole space Green function for the elastic
wave and therefore reflected waves cannot be considered in
this study. It is shown by the present theory that the electric
field arrives at the surface faster than the seismic wave. Ez

is large above the surface, but will be negligibly small just
below the surface as has already been discussed. Above the
surface, the noise level of Ez is expected to be much higher
than in the ground, and therefore detecting a coseismic signal
is not easy, even if the piezoelectric coefficients are larger by
1 order in magnitude than those used in our present study.

In summary, this study indicated that the coseismic piezo-
electric signal related to incidence of teleseismic body wave
will be weak unless the ground motion is unusually strong.
Therefore, it is not surprising that a coseismic change has
rarely been observed by monitoring works of the electric
field. On the other hand, the numerical calculation has shown
that a wide band measurement, especially at frequencies
higher than 1 Hz, of the piezoelectric field may be useful
in revealing the geometry of a buried piezoelectric body.
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Appendix
Green tensors for EM fields in a half space, with an electric

current element in another half space, can be derived and ex-
pressed as follows. EM fields at the locationrrrrrrrr = (x, y, z)due
to an electric current element located in rrrrrrrr ′ = (x ′, y′, z′) are
expressed. Symbols with a number 0 subscribed and those
with a number 1 subscribed express those in the half space
in which the fields are solved, and those in the half space in
which the electric current element exists, respectively (see
Fig. 1).

GB(rrrrrrrr |rrrrrrrr ′; ω) = µ0

2π


γ B

11 γ B
12 γ B

13

γ B
21 γ B

22 γ B
23

γ B
31 γ B

22 γ B
33


 (A.1)

γ B
11 =

∫ ∞

0
dλ xU0ze

u0zλ

∞∑
n=0

εn Jn(λr ′)

×
[−λ

4
{Jn+2(λr)sin(n+2)φ

− Jn−2(λr)sin(n−2)φ}cos nφ′
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+ λ

4
{Jn+2(λr)cos(n+2)φ

− Jn−2(λr)cos(n−2)φ}sin nφ′
]

(A.2)

γ B
21 =

∫ ∞

0
dλ xU0x eu0zλ

∞∑
n=0

εn Jn(λr ′)

×
[
u0 Jn(λr)cos(n)φcos nφ′

+ u0 Jn(λr)sin(n)φsin nφ′]

+
∫ ∞

0
dλ xU0ze

u0zλ

∞∑
n=0

εn Jn(λr ′)

×
[λ

4
{Jn+2(λr)cos(n+2)φ

− 2Jn(λr)cos(n)φ

+ Jn−2(λr)cos(n−2)φ}cos nφ′

+ λ

4
{Jn+2(λr)sin(n+2)φ

− 2Jn(λr)sin(n)φ

+ Jn−2(λr)sin(n−2)φ}sin nφ′
]

(A.3)

γ B
31 =

∫ ∞

0
dλ xU0x eu0zλ

∞∑
n=0

εn Jn(λr ′)

×
[λ

2
{Jn+1(λr)sin(n+1)φ

+Jn−1(λr)sin(n−1)φ}cos nφ′

− λ

2
{Jn+1(λr)cos(n+1)φ

+ Jn−1(λr)cos(n−1)φ}sin nφ′
]

(A.4)

γ B
12 =

∫ ∞

0
dλ xU0ze

u0zλ

∞∑
n=0

εn Jn(λr ′)

×
[λ

4
{Jn+2(λr)cos(n+2)φ

+ 2Jn(λr)cos(n)φ

+ Jn−2(λr)cos(n−2)φ}cos nφ′

+ λ

4
{Jn+2(λr)sin(n+2)φ

+ 2Jn(λr)sin(n)φ

+ Jn−2(λr)sin(n−2)φ}sin nφ′
]

−
∫ ∞

0
dλ xU0x eu0zλ

∞∑
n=0

εn Jn(λr ′)

× [
u0 Jn(λr)cos(n)φcos nφ′

+ u0 Jn(λr)sin(n)φsin nφ′
]

(A.5)

γ B
22 = −γ B

11 (A.6)

γ B
32 =

∫ ∞

0
dλ xU0x eu0zλ

∞∑
n=0

εn Jn(λr ′)

×
[−λ

2
{Jn+1(λr)cos(n+1)φ

− Jn−1(λr)cos(n−1)φ}cos nφ′

+ −λ

2
{Jn+1(λr)sin(n+1)φ

− Jn−1(λr)sin(n−1)φ}sin nφ′
]

(A.7)

γ B
13 =

∫ ∞

0
dλ zU0ze

u0zλ

∞∑
n=0

εn Jn(λr ′)

×
[−λ

2
{Jn+1(λr)sin(n+1)φ

+ Jn−1(λr)sin(n−1)φ}cos nφ′

+ λ

2
{Jn+1(λr)cos(n+1)φ

+ Jn−1(λr)cos(n−1)φ}sin nφ′
]

(A.8)

γ B
23 =

∫ ∞

0
dλ zU0ze

u0zλ

∞∑
n=0

εn Jn(λr ′)

×
[λ

2
{Jn+1(λr)cos(n+1)φ

− Jn−1(λr)cos(n−1)φ}cos nφ′

+ λ

2
{Jn+1(λr)sin(n+1)φ

− Jn−1(λr)sin(n−1)φ}sin nφ′
]

(A.9)

γ B
33 = 0 (A.10)

GE (rrrrrrrr |rrrrrrrr ′; ω) = 1

2πσ ′
0


γ E

11 γ E
12 γ E

13

γ E
21 γ E

22 γ E
23

γ E
31 γ E

22 γ E
33


 (A.11)

γ E
11 =

∫ ∞

0
dλ

1

2
(λxU0x −u0

xU0z)

× eu0zλ

∞∑
n=0

εn Jn(λr ′)
[λ

2
{Jn+2(λr)cos(n+2)φ

+ Jn−2(λr)cos(n−2)φ}cos nφ′

+ λ

2
{Jn+2(λr)sin(n+2)φ

+ Jn−2(λr)sin(n−2)φ}sin nφ′
]

+
∫ ∞

0
dλ

(
λ

2
u0

xU0z −
(

λ2

2
+γ 2

0

)
xU0x

)

× eu0zλ

∞∑
n=0

εn Jn(λr ′)
[
Jn(λr)cos(n)φcos nφ′

+ Jn(λr)sin(n)φsin nφ′] (A.12)

γ E
21 =

∫ ∞

0
dλ

1

2
(λxU0x −u0

xU0z)

× eu0zλ

∞∑
n=0

εn Jn(λr ′)
[λ

2
{Jn+2(λr)sin(n+2)φ

− Jn−2(λr)sin(n−2)φ}cos nφ′

− λ

2
{Jn+2(λr)cos(n+2)φ

− Jn−2(λr)cos(n−2)φ}sin nφ′
]

(A.13)

γ E
31 =

∫ ∞

0
dλ (λxU0z −u0

xU0x )

× eu0zλ

∞∑
n=0

εn Jn(λr ′)
[λ

2
{Jn+1(λr)cos(n+1)φ

− Jn−1(λr)cos(n−1)φ}cos nφ′

+ λ

2
{Jn+1(λr)sin(n+1)φ
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− Jn−1(λr)sin(n−1)φ}sin nφ′
]

(A.14)

γ E
12 = γ E

21 (A.15)

γ E
22 =

∫ ∞

0
dλ

1

2
(u0

xU0z −λxU0x )

× eu0zλ

∞∑
n=0

εn Jn(λr ′)
[λ

2
{Jn+2(λr)cos(n+2)φ

+ Jn−2(λr)cos(n−2)φ}cos nφ′

+ λ

2
{Jn+2(λr)sin(n+2)φ

+ Jn−2(λr)sin(n−2)φ}sin nφ′
]

+
∫ ∞

0
dλ

(
λ

2
u0

xU0z −
(

λ2

2
+γ 2

0

)
xU0x

)

× eu0zλ

∞∑
n=0

εn Jn(λr ′)
[
Jn(λr)cos(n)φcos nφ′

+ Jn(λr)sin(n)φsin nφ′] (A.16)

γ E
32 =

∫ ∞

0
dλ (λxU0z −u0

xU0x )

× eu0zλ

∞∑
n=0

εn Jn(λr ′)
[λ

2
{Jn+1(λr)sin(n+1)φ

+ Jn−1(λr)sin(n−1)φ}cos nφ′

− λ

2
{Jn+1(λr)cos(n+1)φ

+ Jn−1(λr)cos(n−1)φ}sin nφ′
]

(A.17)

γ E
13 =

∫ ∞

0
dλ u0

zU0z

× eu0zλ

∞∑
n=0

εn Jn(λr ′)
[−λ

2
{Jn+1(λr)cos(n+1)φ

− Jn−1(λr)cos(n−1)φ}cos nφ′

+ −λ

2
{Jn+1(λr)sin(n+1)φ

− Jn−1(λr)sin(n−1)φ}sin nφ′
]

(A.18)

γ E
23 =

∫ ∞

0
dλ u0

zU0z

× eu0zλ

∞∑
n=0

εn Jn(λr ′)
[−λ

2
{Jn+1(λr)sin(n+1)φ

+ Jn−1(λr)sin(n−1)φ}cos nφ′

− −λ

2
{Jn+1(λr)cos(n+1)φ

+ Jn−1(λr)cos(n−1)φ}sin nφ′
]

(A.19)

γ E
33 =

∫ ∞

0
dλ u0

zU0z

× eu0zλ

∞∑
n=0

εn Jn(λr ′)
[
λJn(λr)cos(n)φcos nφ′

+ λJn(λr)sin(n)φsin nφ′
]

(A.20)

Some symbols in the expressions above are defined as fol-
lows.

R =
√

(x − x ′)2 + (y − y′)2, (A.21)

xU0x = 2N0

N1 + N0

1

u0
e−u1z′

, (A.22)

xU0z = 2(K0 N0 − K1 N1)

(K1 + K0)(N1 + N0)

1

λ
e−u1z′

, (A.23)

zU0z = 2K1

K1 + K0

1

u1
e−u1z′

, (A.24)

and for j = 0 and 1,

N j = u j

−iωµ j
, K j = u j

σ ′
j

, (A.25)

σ ′
j = σ j − iωε j , γ 2

j = −iωµ jσ
′
j , (A.26)

u j =
√

λ2 + γ 2
j . (A.27)

For convenience, the addition theorem for the Bessel func-
tions as follows (Watson, 1944) was applied,

J0(λR)

= J0(λ
√

r2 + r ′2 − 2rr ′ cos(φ − φ′))

=
∞∑

n=0

εn Jn(λr)Jn(λr ′) cos n(φ − φ′), (A.28)

εn =
{

1 n = 0

2 n > 0
. (A.29)

In this study, the conditions µ0 = µ1, σ0 → 0 and ε0, ε1 → 0
are assumed.
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