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Triangl e generates exact Del aunay triangul ati ons, constrai ned Del aunay
triangul ations, and quality conform ng Del aunay triangul ations. The latter
can be generated with no small angles, and are thus suitable for finite

el ement analysis. |[If no command |ine switches are specified, your .node
input file will be read, and the Del aunay triangulation will be returned in
.node and .ele output files. The command syntax is:

triangle [-prg__a__AcevngBPNEI OXzo_YS |1 Qvh] input_file

Underscores indicate that nunbers may optionally follow certain swtches;
do not | eave any space between a switch and its nuneric paraneter.
input_file nmust be a file with extension .node, or extension .poly if the
-p switch is used. If -r is used, you must supply .node and .ele files,
and possibly a .poly file and .area file as well. The formats of these
files are described bel ow.

Command Li ne Swi tches:

-p Reads a Planar Straight Line Gaph (.poly file), which can specify
poi nts, segments, holes, and regional attributes and area
constraints. WII| generate a constrai ned Del aunay triangul ation
fitting the input; or, if -s, -gq, or -a is used, a conformng
Del aunay triangulation. |If -p is not used, Triangle reads a .node
file by default.

-r Refines a previously generated nesh. The nesh is read froma . node
file and an .ele file. If -pis also used, a .poly file is read
and used to constrain edges in the nmesh. Further details on
refi nement are given bel ow

-q Quality nesh generation by JimRuppert's Del aunay refinenment
algorithm Adds points to the mesh to ensure that no angl es
smal l er than 20 degrees occur. An alternative mni mumangle may be
specified after the "q'. If the mininumangle is 20.7 degrees or
smaller, the triangulation algorithmis theoretically guaranteed to
termnate (assumng infinite precision arithmetic - Triangle my
fail to termnate if you run out of precision). |In practice, the
al gorithm often succeeds for mninum angles up to 33.8 degrees.

For highly refined nmeshes, however, it may be necessary to reduce
the m nimum angle to well below 20 to avoid probl ens associ at ed
with insufficient floating-point precision. The specified angle
may i nclude a deci mal point.

-a |Inposes a maximumtriangle area. |f a nunber follows the “a', no
triangle will be generated whose area is |larger than that nunber.

If no nunber is specified, an .area file (if -r is used) or .poly
file (if -r is not used) specifies a nunber of maxi mum area
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constraints. An .area file contains a separate area constraint for
each triangle, and is useful for refining a finite el enent nesh
based on a posteriori error estimates. A .poly file can optionally
contain an area constraint for each segment-bounded region, thereby
enforcing triangle densities in a first triangulation. You can

i npose both a fixed area constraint and a varying area constr ai nt
by invoking the -a switch twice, once with and once wi thout a
nunber followi ng. Each area specified may include a deci mal point.
Assigns an additional attribute to each triangle that identifies
what segnent - bounded regi on each triangle belongs to. Attributes
are assigned to regions by the .poly file. |If a region is not
explicitly marked by the .poly file, triangles in that region are
assigned an attribute of zero. The -A switch has an effect only
when the -p switch is used and the -r switch is not.

Creates segnments on the convex hull of the triangulation. |If you
are triangulating a point set, this switch causes a .poly file to
be witten, containing all edges in the convex hull. (By default,

a .poly fileis witten only if a .poly fileis read.) |If you are
triangul ating a PSLG this switch specifies that the interior of
the convex hull of the PSLG should be triangulated. If you do not
use this switch when triangulating a PSLG it is assumed that you
have identified the region to be triangul ated by surrounding it
with segnents of the input PSLG Beware: if you are not careful
this switch can cause the introduction of an extrenely thin angle
between a PSLG segnent and a convex hull segnent, which can cause
overrefinement or failure if Triangle runs out of precision. |If
you are refining a nesh, the -c switch works differently; it
generates the set of boundary edges of the nesh, rather than the
convex hull.

Qutputs (to an .edge file) a list of edges of the triangulation

Qut puts the Voronoi diagram associated with the triangulation

Does not attenpt to detect degeneracies.

Qutputs (to a .neigh file) a list of triangles neighboring each
triangle.

Qut puts the nesh to an Gbject File Format (.off) file, suitable for
viewing with the Geonetry Center's Geonvi ew package.

No boundary markers in the output .node, .poly, and .edge out put
files. See the detailed discussion of boundary narkers bel ow.

No output .poly file. Saves disk space, but you lose the ability
to i mpose segment constraints on |later refinenents of the nesh

No out put .node file.

No output .ele file.

No iteration nunbers. Suppresses the output of .node and .poly
files, so your input files won't be overwitten. (If your input is
a .poly file only, a .node file will be witten.) Cannot be used
with the -r switch, because that would overwite your input .ele
file. Shouldn't be used with the -s, -q, or -a switch if you are
using a .node file for input, because no .node file will be
witten, so there will be no record of any added points.

No holes. Ignores the holes in the .poly file.

No exact arithmetic. Normally, Triangle uses exact floating-point
arithmetic for certain tests if it thinks the inexact tests are not
accurate enough. Exact arithnmetic ensures the robustness of the
triangul ation algorithnms, despite floating-point roundoff error

Di sabling exact arithnmetic with the -X switch will cause a snal

i nprovenent in speed and create the possibility (albeit small) that
Triangle will fail to produce a valid nmesh. Not reconmended



-z MNunbers all itenms starting fromzero (rather than one). Note that
this switch is normally overrided by the val ue used to nunber the
first point of the input .node or .poly file. However, this switch
is useful when calling Triangle from another program

-02 Cenerates second-order subparanetric elements with six nodes each

-Y No new points on the boundary. This switch is useful when the nesh
boundary rust be preserved so that it conforns to sone adjacent
mesh. Be forewarned that you will probably sacrifice sonme of the
quality of the nmesh; Triangle will try, but the resulting nmesh may
contain triangles of poor aspect ratio. Wrks well if all the
boundary points are closely spaced. Specify this switch tw ce
("-YY') to prevent all segment splitting, including interna
boundari es.

-S Specifies the maxi mum nunber of Steiner points (points that are not
in the input, but are added to neet the constraints of m nimm
angl e and maxi num area). The default is to allow an unlimted
nunber. If you specify this switch with no nunber after it,
the imt is set to zero. Triangle always adds points at segnent
intersections, even if it needs to use nore points than the limt
you set. \When Triangle inserts segments by splitting (-s), it
al ways adds enough points to ensure that all the segnments appear in
the triangul ation, again ignhoring the imt. Be forewarned that
the -S switch may result in a conformng triangulation that is not
truly Del aunay, because Triangle may be forced to stop addi ng
poi nts when the mesh is in a state where a segnent is non-Del aunay
and needs to be split. [If so, Triangle will print a warning.

-i Uses an increnental rather than divide-and-conquer algorithmto
forma Delaunay triangulation. Try it if the divide-and-conquer
algorithmfails.

-F Uses Steven Fortune's sweepline algorithmto form a Del aunay
triangul ation. Warning: does not use exact arithnetic for al
calcul ations. An exact result is not guaranteed.

-1 Uses only vertical cuts in the divide-and-conquer algorithm By
default, Triangle uses alternating vertical and horizontal cuts,
whi ch usual ly i nprove the speed except with point sets that are
small or short and wide. This switch is primarily of theoretica
i nterest.

-s Specifies that segnents should be forced into the triangul ation by
recursively splitting themat their mdpoints, rather than by
generating a constrained Del aunay triangul ati on. Segnent splitting
is true to Ruppert's original algorithm but can create needl essly
smal |l triangles near external small features.

-C Check the consistency of the final mesh. Uses exact arithnetic for
checking, even if the -X switch is used. Useful if you suspect
Triangl e is buggy.

-Q Quiet: Suppresses all explanation of what Triangle is doing, unless
an error occurs.

-V Verbose: Gves detailed informati on about what Triangle is doing
Add nore "V's for increasing anount of detail. “-V gives
information on algorithmc progress and nore detailed statistics.
“-W' gives point-by-point details, and will print so nmuch that
Triangle will run nmuch nore slowy. “-VW gives information only
a debugger coul d | ove.

-h Help: Displays these instructions.

Definitions:
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A Del aunay triangulation of a point set is a triangulation whose vertices
are the point set, having the property that no point in the point set
falls in the interior of the circuntircle (circle that passes through al
three vertices) of any triangle in the triangul ation

A Voronoi diagramof a point set is a subdivision of the plane into

pol ygonal regions (sonme of which may be infinite), where each region is
the set of points in the plane that are closer to some input point than
to any other input point. (The Voronoi diagramis the geonetric dual of
t he Del aunay triangul ation.)

A Planar Straight Line Gaph (PSLG is a collection of points and
segnents. Segnents are sinply edges, whose endpoints are points in the
PSLG The file format for PSLGs (.poly files) is described bel ow.

A constrai ned Del aunay triangulation of a PSLGis simlar to a Del aunay
triangul ati on, but each PSLG segnent is present as a single edge in the
triangulation. (A constrained Delaunay triangulation is not truly a
Del aunay triangul ation.)

A conform ng Del aunay triangulation of a PSLGis a true Del aunay
triangul ation in which each PSLG segnment may have been subdivided into
several edges by the insertion of additional points. These inserted
points are necessary to allow the segments to exist in the nesh while
mai nt ai ni ng the Del aunay property.

| e Formats:

Al files may contain comments prefixed by the character '# . Points,
triangl es, edges, holes, and maxi mum area constrai nts nmust be nunbered
consecutively, starting fromeither 1 or 0. \Whichever you choose, al

i nput files nust be consistent; if the nodes are nunbered from 1, so nust
be all other objects. Triangle automatically detects your choice while
readi ng the .node (or .poly) file. (Wen calling Triangle from anot her
program use the -z switch if you wi sh to nunber objects from zero.)
Exampl es of these file formats are given bel ow.

.hode files:
First line: <# of points> <dinmension (nust be 2)> <# of attributes>
<# of boundary markers (0 or 1)>
Remai ning lines: <point #> <x> <y> [attributes] [boundary marker]

The attributes, which are typically floating-point values of physica
quantities (such as mass or conductivity) associated with the nodes of
a finite el enent nesh, are copied unchanged to the output mesh. If -s,
-q, or -ais selected, each new Steiner point added to the nesh will
have attributes assigned to it by linear interpolation

If the fourth entry of the first Iineis “1', the last colum of the
remai nder of the file is assunmed to contain boundary markers. Boundary
markers are used to identify boundary points and points resting on PSLG
segnents; a conplete description appears in a section below The .node
file produced by Triangle will contain boundary markers in the | ast

col um unl ess they are suppressed by the -B switch

.ele files:
First line: <# of triangles> <points per triangle> <# of attributes>



Remaining lines: <triangle #> <point> <point> <point> ... [attributes]

Points are indices into the corresponding .node file. The first three
points are the corners, and are listed in counterclockw se order around
each triangle. (The remaining points, if any, depend on the type of
finite element used.) The attributes are just |like those of .node
files. Because there is no sinple mapping frominput to output
triangles, an attenpt is nmade to interpolate attributes, which may
result in a good deal of diffusion of attributes anong nearby triangles
as the triangulation is refined. D ffusion does not occur across
segnents, so attributes used to identify segnment-bounded regions remain
intact. In output .ele files, all triangles have three points each
unless the -02 switch is used, in which case they have six, and the
fourth, fifth, and sixth points lie on the mdpoints of the edges
opposite the first, second, and third corners.

.poly files:
First line: <# of points> <dinmension (nust be 2)> <# of attributes>
<# of boundary markers (0 or 1)>
Following lines: <point #> <x> <y> [attributes] [boundary marker]
One line: <# of segnents> <# of boundary markers (0 or 1)>
Foll owi ng lines: <segment #> <endpoi nt> <endpoi nt> [ boundary narker]
One line: <# of holes>
Foll owing lines: <hole #> <x> <y>
Optional line: <# of regional attributes and/or area constraints>
Optional following lines: <constraint #> <x> <y> <attrib> <max area>

A .poly file represents a PSLG as well as sone additional information
The first section lists all the points, and is identical to the format
of .node files. <# of points> may be set to zero to indicate that the
points are listed in a separate .node file; .poly files produced by
Triangl e always have this format. This has the advantage that a point
set may easily be triangulated with or wthout segnents. (The sane

ef fect can be achieved, albeit using nore disk space, by making a copy
of the .poly file with the extension .node; all sections of the file
but the first are ignored.)

The second section lists the segnents. Segnments are edges whose
presence in the triangulation is enforced. Each segnent is specified
by listing the indices of its two endpoints. This neans that you nust
include its endpoints in the point list. If -s, -g, and -a are not
selected, Triangle will produce a constrained Del aunay triangul ation

i n which each segnment appears as a single edge in the triangulation

If -qg or -ais selected, Triangle will produce a conform ng Del aunay
triangul ation, in which segnents may be subdivided into smaller edges.
Each segnment, |ike each point, may have a boundary marker

The third section lists holes (and concavities, if -c is selected) in
the triangul ation. Holes are specified by identifying a point inside
each hole. After the triangulation is formed, Triangle creates holes
by eating triangles, spreading out fromeach hole point until its
progress is blocked by PSLG segnents; you must be careful to enclose
each hole in segnents, or your whole triangul ati on nay be eaten away.
If the two triangles abutting a segnment are eaten, the segnent itself
is also eaten. Do not place a hole directly on a segnment; if you do,
Triangle will choose one side of the segnent arbitrarily.



The optional fourth section lists regional attributes (to be assigned
to all triangles in a region) and regional constraints on the maxi num
triangle area. Triangle will read this section only if the -A switch
is used or the -a switch is used without a nunber following it, and the
-r switch is not used. Regional attributes and area constraints are
propagated in the sane nmanner as hol es; you specify a point for each
attribute and/or constraint, and the attribute and/or constraint wll
af fect the whol e region (bounded by segments) containing the point. |If
two values are witten on a line after the x and y coordinate, the
fornmer is assuned to be a regional attribute (but will only be applied
if the -Aswitch is selected), and the latter is assuned to be a

regi onal area constraint (but will only be applied if the -a switch is
selected). You may al so specify just one value after the coordinates,
whi ch can serve as both an attribute and an area constraint, depending
on the choice of switches. |If you are using the -A and -a sw tches

si mul taneously and wi sh to assign an attribute to some regi on w thout

i mposi ng an area constraint, use a negative naximum ar ea.

VWhen a triangulation is created froma .poly file, you nust either
encl ose the entire region to be triangulated in PSLG segnents, or

use the -c switch, which encloses the convex hull of the input point
set. If you do not use the -c switch, Triangle will eat all triangles
on the outer boundary that are not protected by segnents; if you are
not careful, your whole triangulation my be eaten away. |If you do
use the -c switch, you can still produce concavities by appropriate

pl acenent of holes just inside the convex hull.

An ideal PSLG has no intersecting segnents, nor any points that lie
upon segnents (except, of course, the endpoints of each segnment.) You
aren't required to make your .poly files ideal, but you should be aware
of what can go wrong. Segment intersections are relatively safe -
Triangle will calculate the intersection points for you and add themto
the triangulation - as long as your machine's floating-point precision
doesn't becone a problem You are tenpting the fates if you have three
segnents that cross at the sane |ocation, and expect Triangle to figure
out where the intersection point is. Thanks to floating-point roundoff
error, Triangle will probably decide that the three segnments intersect
at three different points, and you will find a mnuscule triangle in
your output - unless Triangle tries to refine the tiny triangle, uses
up the last bit of machine precision, and fails to termnate at all
You're better off putting the intersection point in the input files,
and manual |y breaking up each segnent into two. Simlarly, if you

pl ace a point at the mddle of a segnent, and hope that Triangle wll
break up the segment at that point, you m ght get lucky. On the other
hand, Triangle m ght decide that the point doesn't lie precisely on the
line, and you'll have a needle-sharp triangle in your output - or a |ot
of tiny triangles if you' re generating a quality mesh.

VWhen Triangle reads a .poly file, it also wites a .poly file, which

i ncludes all edges that are part of input segments. |If the -c switch
is used, the output .poly file will also include all of the edges on
the convex hull. Hence, the output .poly file is useful for finding

edges associated with input segnments and setting boundary conditions in
finite element simulations. Mre inportantly, you will need it if you
plan to refine the output nesh, and don't want segnments to be m ssing
in later triangulations.



.area files:
First line: <# of triangles>
Following lines: <triangle #> <maxi num area>

An .area file associates with each triangle a maxi rum area that is used
for mesh refinement. As with other file formats, every triangle nust
be represented, and they nust be nunbered consecutively. A triangle
may be | eft unconstrained by assigning it a negative maxi num ar ea.

.edge files:
First line: <# of edges> <# of boundary markers (0 or 1)>
Foll owi ng lines: <edge #> <endpoi nt> <endpoi nt> [ boundary marker ]

Endpoints are indices into the corresponding .node file. Triangle can
produce .edge files (use the -e switch), but cannot read them The
optional colum of boundary markers is suppressed by the -B switch

In Voronoi diagranms, one also finds a special kind of edge that is an
infinite ray with only one endpoint. For these edges, a different
format is used:

<edge #> <endpoint> -1 <direction x> <direction y>

The “direction' is a floating-point vector that indicates the direction
of the infinite ray.

.neigh files:
First line: <# of triangles> <# of neighbors per triangle (always 3)>
Following lines: <triangle #> <nei ghbor> <nei ghbor> <nei ghbor >

Nei ghbors are indices into the corresponding .ele file. An index of -1
i ndi cates a nesh boundary, and therefore no nei ghbor. Triangle can
produce .neigh files (use the -n switch), but cannot read them

The first neighbor of triangle i is opposite the first corner of
triangle i, and so on.

Boundary Markers:

Boundary markers are tags used mainly to identify which output points and
edges are associated with which PSLG segnent, and to identify which

poi nts and edges occur on a boundary of the triangulation. A comobn use
is to determ ne where boundary conditions should be applied to a finite
el ement nmesh. You can prevent boundary markers frombeing witten into
files produced by Triangle by using the -B switch

The boundary marker associated with each segnent in an output .poly file
or edge in an output .edge file is chosen as foll ows:
- If an output edge is part or all of a PSLG segnent with a nonzero
boundary marker, then the edge is assigned the sane narker
- Oherwise, if the edge occurs on a boundary of the triangul ation
(i ncl udi ng boundaries of holes), then the edge is assigned the marker
one (1).
- Oherwise, the edge is assigned the marker zero (0).
The boundary marker associated with each point in an output .node file is
chosen as foll ows:
- If a point is assigned a nonzero boundary marker in the input file,



then it is assigned the same marker in the output .node file.

- Oherwise, if the point lies on a PSLG segnment (including the
segnent's endpoints) with a nonzero boundary nmarker, then the point
is assigned the sane marker. |If the point lies on several such
segnents, one of the markers is chosen arbitrarily.

- Oherwise, if the point occurs on a boundary of the triangul ation
then the point is assigned the marker one (1).

- Oherwise, the point is assigned the marker zero (0).

If you want Triangle to determ ne for you which points and edges are on
t he boundary, assign themthe boundary marker zero (or use no markers at
all) in your input files. Alternatively, you can mark sonme of them and
| eave others marked zero, allowing Triangle to | abel them

Triangul ation Iterati on Nunbers:

Because Triangle can read and refine its own triangul ati ons, input

and output files have iteration nunbers. For instance, Triangle m ght
read the files nesh. 3. node, nesh.3.ele, and nesh. 3. poly, refine the
triangul ation, and output the files nmesh.4.node, nesh.4.ele, and
mesh. 4. poly. Files with no iteration nunber are treated as if

their iteration nunber is zero; hence, Triangle nmght read the file
poi nts. node, triangulate it, and produce the files points.1.node and
points.1.ele.

Iteration nunbers allow you to create a sequence of successively finer
meshes suitable for nultigrid methods. They also allow you to produce a
sequence of meshes using error estimate-driven nesh refinenent.

If you're not using refinenent or quality neshing, and you don't I|ike
iteration nunbers, use the -1 switch to disable them This switch wll
al so di sabl e output of .node and .poly files to prevent your input files
frombeing overwitten. (If the input is a .poly file that contains its
own points, a .node file will be witten.)

Exampl es of How to Use Triangle:

“triangle dots' will read points fromdots.node, and wite their Del aunay
triangulation to dots. 1. node and dots.1l.ele. (dots.1.node will be
identical to dots.node.) “triangle -1 dots' wites the triangulation to
dots.ele instead. (No additional .node file is needed, so none is
witten.)

“triangle -pe object.1'" will read a PSLG from object.1.poly (and possibly
object.1l.node, if the points are omtted fromobject.1.poly) and wite
their constrained Del aunay triangul ation to object.2. node and
object.2.ele. The segnents will be copied to object.2.poly, and al

edges will be witten to object. 2. edge.

“triangle -pg3l.5a.1 object’ will read a PSLG from object. poly (and
possi bly object.node), generate a nesh whose angles are all greater than
31.5 degrees and whose triangles all have area snaller than 0.1, and
wite the nesh to object.1.node and object.1.ele. Each segnment may have
been broken up into nultiple edges; the resulting constrained edges are
witten to object.1.poly.

Here is a sanple file “box.poly' describing a square with a square hol e:



# A box with eight points in 2D, no attributes, one boundary marker
8201
# Quter box has these vertices:
1 00 O
2 03 O
3 30 o0
4 33 33 # A special marker for this point.
# I nner square has these vertices:
5 11
6 12 0
7 21 0
8 22 0
# Five segnents with boundary markers.
51
1 12 5 # Left side of outer box.
2 57 0 # Segnents 2 through 5 encl ose the hole.
3 78 0
4 86 10
5 65 0
# One hole in the mddle of the inner square.
1
1 1.5 1.5

Not e that sone segnents are missing fromthe outer square, so one mnust
use the "-c¢' switch. After “triangle -pgc box.poly', here is the output
file “box.1l.node', with twelve points. The last four points were added
to neet the angle constraint. Points 1, 2, and 9 have markers from
segnent 1. Points 6 and 8 have nmarkers from segnent 4. All the other
poi nts but 4 have been nmarked to indicate that they lie on a boundary.

12 2 0 1
1 0 0 5
2 0 3 5
3 3 0 1
4 3 3 33
5 1 1 1
6 1 2 10
7 2 1 1
8 2 2 10
9 0 1.5 5
10 1.5 0 1
11 3 1.5 1
12 1.5 3 1

# Cenerated by triangle -pqc box. poly
Here is the output file “box.l.ele', with twelve triangles.

12 3 0
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9 12 2 6

10 8 7 11
11 5 1 10
12 8 4 12

# Cenerated by triangle -pqc box. poly

Here is the output file “box.1.poly'. Note that segnents have been added
to represent the convex hull, and sonme segnents have been split by newy
added points. Note also that <# of points>is set to zero to indicate
that the points should be read fromthe .node file.

0 2 0 1
12 1
1 1 9 5
2 5 7 1
3 8 7 1
4 6 8 10
5 5 6 1
6 3 10 1
7 4 11 1
8 2 12 1
9 9 2 5
10 10 1 1
11 11 3 1
12 12 4 1
1
1 1.5 1.5

# Cenerated by triangle -pqc box. poly
Ref i nement and Area Constraints:

The -r switch causes a nmesh (.node and .ele files) to be read and
refined. If the -p switch is also used, a .poly file is read and used to
specify edges that are constrained and cannot be elimnated (although
they can be divided into smaller edges) by the refinenent process.

VWhen you refine a nesh, you generally want to inpose tighter quality
constraints. One way to acconplish this is to use -g with a |arger
angle, or -a followed by a smaller area than you used to generate the
mesh you are refining. Another way to do this is to create an .area
file, which specifies a maxi mum area for each triangle, and use the -a
switch (without a nunber followi ng). Each triangle' s area constraint is
applied to that triangle. Area constraints tend to diffuse as the nesh
is refined, so if there are large variations in area constraint between
adj acent triangles, you may not get the results you want.

If you are refining a mesh conposed of l|inear (three-node) elenents, the
out put mesh will contain all the nodes present in the input mesh, in the
sanme order, with new nodes added at the end of the .node file. However,
there is no guarantee that each output elenent is contained in a single

i nput element. Oten, output elenments will overlap two input el enents,
and i nput edges are not present in the output nmesh. Hence, a sequence of
refined meshes will forma hierarchy of nodes, but not a hierarchy of
elements. If you a refining a mesh of higher-order elenents, the

hi erarchi cal property applies only to the nodes at the corners of an

el ement; other nodes may not be present in the refined mesh.



It is inmportant to understand that maxi num area constraints in .poly
files are handled differently fromthose in .area files. A maxi mum area
ina .poly file applies to the whol e (segnent-bounded) region in which a
point falls, whereas a maximumarea in an .area file applies to only one
triangle. Area constraints in .poly files are used only when a nesh is
first generated, whereas area constraints in .area files are used only to
refine an existing nmesh, and are typically based on a posteriori error
estimates resulting froma finite elenment sinulation on that nesh.

“triangle -rg25 object.1' will read object.1l. node and object.1.ele, then
refine the triangulation to enforce a 25 degree m ni num angle, and then
wite the refined triangulation to object.2. node and object.2.ele.

“triangle -rpaa6.2 z.3" wll read z.3.node, z.3.ele, z.3.poly, and
z.3.area. After reconstructing the mesh and its segnments, Triangle wll
refine the mesh so that no triangle has area greater than 6.2, and
furthernmore the triangles satisfy the maxi num area constraints in
z.3.area. The output is witten to z.4.node, z.4.ele, and z. 4. poly.

The sequence “triangle -gal x', “triangle -rga.3 x.1', “triangle -rga.l
X.2' creates a sequence of successively finer meshes x.1, x.2, and x. 3,
suitable for multigrid.

Convex Hulls and Mesh Boundari es:

If the input is a point set (rather than a PSLG, Triangle produces its
convex hull as a by-product in the output .poly file if you use the -c
switch. There are faster algorithnms for finding a two-dinmensional convex
hul | than triangul ation, of course, but this one conmes for free. |If the
i nput is an unconstrai ned nesh (you are using the -r switch but not the
-p switch), Triangle produces a list of its boundary edges (i ncluding
hol e boundari es) as a by-product if you use the -c switch

Vor onoi Di agrans:

The -v switch produces a Voronoi diagram in files suffixed .v.node and
.v.edge. For exanple, “triangle -v points' will read points. node,
produce its Delaunay triangulation in points.1.node and points. 1. ele,

and produce its Voronoi diagramin points.1.v.node and points. 1.v. edge.
The .v.node file contains a list of all Voronoi vertices, and the .v.edge
file contains a list of all Voronoi edges, sone of which may be infinite
rays. (The choice of filenanes nmakes it easy to run the set of Vorono
vertices through Triangle, if so desired.)

This inplenmentati on does not use exact arithmetic to conpute the Vorono
vertices, and does not check whet her nei ghboring vertices are identical
Be forewarned that if the Del aunay triangul ation i s degenerate or

near - degener ate, the Voronoi diagram may have duplicate points, crossing
edges, or infinite rays whose direction vector is zero. Also, if you
generate a constrai ned (as opposed to conform ng) Del aunay triangul ation
or if the triangulation has holes, the correspondi ng Voronoi diagramis
likely to have crossing edges and unlikely to make sense.

Mesh Topol ogy:

You may wi sh to know which triangles are adjacent to a certain Del aunay
edge in an .edge file, which Voronoi regions are adjacent to a certain



Voronoi edge in a .v.edge file, or which Voronoi regions are adjacent to
each other. Al of this information can be found by cross-referencing
output files with the recollection that the Del aunay triangul ati on and

t he Voronoi diagrans are planar duals.

Specifically, edge i of an .edge file is the dual of Voronoi edge i of
the corresponding .v.edge file, and is rotated 90 degrees countercl ock-
wi se fromthe Voronoi edge. Triangle j of an .ele file is the dual of
vertex j of the corresponding .v.node file; and Voronoi region k is the
dual of point k of the corresponding .node file.

Hence, to find the triangles adjacent to a Del aunay edge, | ook at the
vertices of the correspondi ng Voronoi edge; their dual triangles are on
the left and right of the Del aunay edge, respectively. To find the

Vor onoi regions adjacent to a Voronoi edge, |ook at the endpoints of the
correspondi ng Del aunay edge; their dual regions are on the right and | eft
of the Voronoi edge, respectively. To find which Voronoi regions are

adj acent to each other, just read the |ist of Del aunay edges.

Statistics:

After generating a nmesh, Triangle prints a count of the nunber of points,
triangl es, edges, boundary edges, and segnments in the output nesh. |If
you' ve forgotten the statistics for an existing nmesh, the -rNEP switches
(or -rpNEP if you've got a .poly file for the existing nmesh) wll
regenerate these statistics without witing any output.

The -V switch produces extended statistics, including a rough estimate
of menmory use and a histogram of triangle aspect ratios and angles in the
nmesh.

Exact Arithnetic:

Triangl e uses adaptive exact arithnmetic to perform what conputationa
geoneters call the “orientation' and “incircle' tests. |If the floating-
point arithmetic of your machine confornms to the | EEE 754 standard (as
nost workstations do), and does not use extended precision interna

regi sters, then your output is guaranteed to be an absolutely true

Del aunay or conform ng Del aunay triangul ati on, roundoff error
notwi t hst anding. The word "“adaptive' inplies that these arithnetic
routi nes conmpute the result only to the precision necessary to guarantee
correctness, so they are usually nearly as fast as their approxi mate
counterparts. The exact tests can be disabled with the -X switch. On
nmost inputs, this switch will reduce the conmputation tinme by about eight
percent - it's not worth the risk. There are rare difficult inputs
(having many col linear and cocircul ar points), however, for which the

di fference could be a factor of two. These are precisely the inputs nost
likely to cause errors if you use the -X switch

Unfortunately, these routines don't solve every numerical problem Exact
arithmetic is not used to conpute the positions of points, because the
bit conplexity of point coordinates would grow wi t hout bound. Hence,
segnent intersections aren't conmputed exactly; in very unusual cases,
roundoff error in conputing an intersection point mght actually lead to
an inverted triangle and an invalid triangulation. (This is one reason
to conmpute your own intersection points in your .poly files.) Simlarly,
exact arithmetic is not used to conmpute the vertices of the Vorono



di agram

Underfl ow and overflow can al so cause difficulties; the exact arithnetic
routi nes do not aneliorate out-of-bounds exponents, which can arise
during the orientation and incircle tests. As a rule of thunb, you
shoul d ensure that your input values are within a range such that their
third powers can be taken without underflow or overflow. Underfl ow can
silently prevent the tests frombeing performed exactly, while overflow
will typically cause a floating exception

Calling Triangl e from Anot her Program
Read the file triangle.h for details.

Tr oubl eshoot i ng:
Pl ease read this section before mailing nme bugs.
"My output nesh has no triangles!’

If you're using a PSLG you've probably failed to specify a proper set
of boundi ng segnents, or forgotten to use the -c¢c switch. O you may
have placed a hole badly. To test these possibilities, try again with
the -c and -O switches. Alternatively, all your input points may be
collinear, in which case you can hardly expect to triangul ate them

“Triangle doesn't termnate, or just crashes.'

Bad t hi ngs can happen when triangles get so snmall that the distance
between their vertices isn't much | arger than the precision of your
machine's arithnetic. |If you' ve conpiled Triangle for single-precision
arithmetic, you mght do better by reconmpiling it for double-precision
Then again, you might just have to settle for nore | enient constraints
on the m ni mum angl e and the maxi num area than you had pl anned.

You can mnimze precision problens by ensuring that the origin lies
i nsi de your point set, or even inside the densest part of your

mesh. On the other hand, if you're triangulating an object whose x

coordi nates all fall between 6247133 and 6247134, you're not | eaving
much fl oating-point precision for Triangle to work with.

Preci si on problens can occur covertly if the input PSLG contains two
segnents that neet (or intersect) at a very small angle, or if such an
angle is introduced by the -c switch, which may occur if a point lies
ever-so-slightly inside the convex hull, and is connected by a PSLG
segnent to a point on the convex hull. If you don't realize that a
smal |l angle is being forned, you m ght never discover why Triangle is
crashing. To check for this possibility, use the -S switch (with an
appropriate limt on the nunber of Steiner points, found by trial-and-
error) to stop Triangle early, and view the output .poly file with
Show Me (described below). Look carefully for snmall angles between
segnents; zoomin closely, as such segnents mght |ook |like a single
segnent from a di stance

If sone of the input values are too large, Triangle may suffer a
floating exception due to overflow when attenpting to perform an
orientation or incircle test. (Read the section on exact arithnetic



above.) Again, | recomend conpiling Triangle for double (rather
than single) precision arithnetic.

“The nunbering of the output points doesn't match the input points.'

You may have eaten sone of your input points with a hole, or by placing
t hem out si de the area encl osed by segnents.

“Triangl e executes without incident, but when | ook at the resulting
mesh, it has overlapping triangles or other geonetric inconsistencies.'

If you select the -X switch, Triangle's divide-and-conquer Del aunay
triangul ation al gorithm occasi onally nakes m stakes due to floating-
poi nt roundoff error. Although these errors are rare, don't use the -X
switch. |If you still have problens, please report the bug.

Strange things can happen if you ve taken liberties with your PSLG Do
you have a point lying in the mddle of a segnent? Triangle sonetines
copes poorly with that sort of thing. Do you want to lay out a collinear
row of evenly spaced, segment-connected points? Have you sinply defined
one | ong segnent connecting the leftnost point to the rightnost point,
and a bunch of points lying along it? This nmethod occasionally works,

especially with horizontal and vertical lines, but often it doesn't, and
you'll have to connect each adjacent pair of points with a separate
segnent. If you don't like it, tough

Furthernore, if you have segnents that intersect other than at their
endpoints, try not to let the intersections fall extrenely close to PSLG
poi nts or each other.

If you have problens refining a triangul ati on not produced by Triangle:
Are you sure the triangulation is geonetrically valid? Is it formatted
correctly for Triangle? Are the triangles all listed so the first three
points are their corners in counterclockw se order?

Show Me:

Triangle comes with a separate program naned "~ Show Me', whose prinary
purpose is to draw nmeshes on your screen or in PostScript. Its secondary
purpose is to check the validity of your input files, and do so nore

t horoughly than Triangle does. Show Me requires that you have the X

W ndows system If you didn't receive Show Me with Triangle, conplain to
whonever you obtained Triangle from then send ne nail

Triangl e on the Web:
To see an illustrated, updated version of these instructions, check out
http://ww. cs. cnu. edu/ ~quake/triangl e. ht m
A Brief Plea:
If you use Triangle, and especially if you use it to acconplish rea
work, I would like very much to hear fromyou. A short letter or emai
(to jrs@s. cnu. edu) describing how you use Triangle will nean a lot to

me. The nore people | know are using this program the nore easily | can
justify spending tinme on inprovenents and on the three-di nensiona



successor to Triangle, which in turn will benefit you. Also, | can put
you on a list to receive email whenever a new version of Triangle is
avai |l abl e.

If you use a nesh generated by Triangle in a publication, please include
an acknow edgment as wel .

Research credit:

O course, | can take credit for only a fraction of the ideas that nade
this mesh generator possible. Triangle owes its existence to the efforts
of many fine conputational geoneters and other researchers, including
Marshall Bern, L. Paul Chew, Boris Del aunay, Rex A. Dwyer, David
Eppstein, Steven Fortune, Leonidas J. Guibas, Donald E. Knuth, C L.
Lawson, Der-Tsai Lee, Ernst P. Micke, Douglas M Priest, JimRuppert,

| saac Saias, Bruce J. Schachter, Mcha Sharir, Jorge Stolfi, Christopher
J. Van Wk, David F. Watson, and Bi nhai Zhu. See the conments at the
begi nni ng of the source code for references.



